We study the Einstein-SO(3)Yang-Mills-Higgs system with a negative cosmological constant, and find the monopole black hole solutions as well as the trivial Reissner-Nordström black hole. We discuss thermodynamical stability of the monopole black hole in an isolated system. We expect a phase transition between those two black holes when the mass of a black hole increases or decreases. The type of phase transition depends on the cosmological constant Λ as well as the vacuum expectation value v and the coupling constant λ of the Higgs field. Fixing λ small, we find there are two critical values of the cosmological constant Λ cr(1) (v) and Λ cr(2) (v), which depend on v. If Λ cr(1) (v) < Λ(< 0), we find the first order transition, while if Λ cr(2) (v) < Λ < Λ cr(1) (v), the transition becomes second order. For the case of Λ b (v) < Λ < Λ (2) (v), we again find the first order irreversible transition from the monopole black hole to the extreme Reissner-Nordström black hole. Beyond Λ b (v), no monopole black hole exists. We also discuss thermodynamical properties of the monopole black hole in a thermal bath system.
I. INTRODUCTION
A black hole (BH) has been a central object in relativistic astrophysics as well as in gravitational physics since the discovery of the Schwarzschild solution. One of the most important findings is the uniqueness of the Kerr solution [1] . An axisymmetric stationary vacuum solution, which describes a rotating BH, is uniquely determined by the Kerr solution. In the Einstein-Maxwell theory, it was also proven that a BH solution is uniquely given by the Kerr-Newman solution with its global charges. This is the so-called black hole no-hair theorem.
However, if we extend matter fields to a more general class, we find a different type of solutions, which is called a hairy BH. After Bartnik and McKinnon (BM) discovered a non-trivial soliton solution in the EinsteinYang-Mills (YM) theory, the colored BH was found in the same system [2, 3] . This hairy BH has the same global charges as those of the Schwarzschild BH. Hence the uniqueness of a black hole solution is no longer applied when we consider YM field. A YM hair, which is not a global charge, appears for such a BH. Although it turns out that the colored BH as well as the BM soliton solution are unstable, in the extended models, asymptotically flat non-Abelian BH solutions were intensively studied a few decades ago [4, 5] . One of the most interesting non-Abelian BHs is a monopole BH, which is obtained in the system with an SU(2) (SO(3)) Yang-Mills field and a real triplet Higgs field. Before the BM solution, the study of the Einstein-SO(3)Yang-Mills-Higgs (EYMH) system was performed from the viewpoint of generalization of 't Hooft-Polyakov monopole in a curved between these two BHs. However, in some parameter region, we also find the "reversible" first order phase transition between these two BHs, and the "non-reversible" first order phase transition from the monopole BH to the extreme RN BH [10] .
Recently, in the context of AdS/CFT correspondence [21] , a black hole with asymptotically anti de Sitter (AdS) spacetime has been attracting the most attention. Such a black hole has been studied intensively during the last decade [22] . A particle-like solution and black hole in the EYM system with a negative cosmological constant were found in 1999 and 2000 [23, 24] . It turns out that such solutions are stable. Their thermodynamical properties were also analyzed [25, 26] .
Here we study the EYMH system with a negative cosmological constant. A particle-like solution (a gravitating monopole) was found in [27, 28] . We construct a magnetically charged BH solution and investigate its classical properties and thermodynamimcal properties. We examine the dependence of a negative cosmological constant on the phase transition. We should note that different spacetime solutions in the SO(3)EYMH system were found and some of them were applied it to a holographic analysis for a strongly coupled gauge field [29] [30] [31] [32] [33] [34] [35] [36] [37] .
The paper is organized as follows. We introduce the Einstein-Yang-Mills-Higgs system and provide the basic equations for a spherically symmetric static spacetime in §II. In §III, we present a monopole black hole as well as a self-gravitating monopole solution. We then analyze the thermodynamics of the present system in §IV. We discuss the phase transition between the monopole BH and the RN BH, which order depends on a cosmological constant as well as the vacuum expectation value (VEV) of the Higgs field. We also show how the Hawking-Page transition occurs in the thermal equilibrium state. We summarize our results and give some remarks in §V.
II. EINSTEIN-YANG-MILLS-HIGGS SYSTEM WITH A COSMOLOGICAL CONSTANT A. Basic equations
We consider the Einstein-Yang-Mills-Higgs (EYMH) system with a cosmological constant Λ, which action is given by
(R − 2Λ)
where
µν is SO(3) YM field defined by
with A (a)
µ and e being the gauge field potential and the YM coupling constant. Φ (a) , v and λ are a real Higgs triplet, its VEV and selfcoupling constant, respectively.
1
The covariant derivative D µ is defined by
3)
The Higgs mass m H and gauge boson mass m A , and their Compton wave lengths ℓ H and ℓ A , are given by
We will normalize all variables by the Compton wave length of the YM field, ℓ A , with the units of = c = 1. The Planck mass is defined by M PL = G −1/2 .
B. A spherically symmetric static system
In order to discuss a gravitating monopole and monopole BH, we consider a spherically symmetric static system, and assume the Hedgehog ansatz for the SO(3) YM field and Higgs field as
is the triad of the 3-space andr (a) is the unit "radial" vector in the internal space.
The static and spherically symmetric metric is described as follows:
and δ(r) are metric functions, which depend only on the radial coordinate r.
Varying the action (2.1) with respect to the metric g µν , the Higgs field Φ (a) and the YM gauge field A (a) µ , we find four basic equations.
Introducing the dimensionless variablesr ≡ r/ℓ A , m ≡ Gm/ℓ A as well as the dimensionless parameters,ṽ
A , the four basic equations are written as:
where we defineλ = λ/e 2 .
C. Boundary conditions
Next, we consider the boundary conditions.
boundary conditions at a center or at a horizon
For a gravitating monopole, we impose a regularity at the center (r = 0). We find
The constants c w and c h are the shooting parameters, which are fixed by the asymptotically AdS condition. For a black hole solution, we impose a regularity at the horizonr =r H , which is defined by f (r H ) = 0 , i.e., m(r H ) =r
We then find the first derivatives of w(r) and h(r) on the horizon are given as 18) where w H = w(r H ) and h H = h(r H ). Giving the horizon radiusr H , we have to fix the remaining two constants (w H and h H ) by the shooting method to find a regular BH with an asymptotically AdS spacetime. We assume that f (r) is always positive outside the horizonr H in order not to make an additional horizon.
boundary conditions at spatial infinity
We assume that a gravitating monopole or a monopole black hole approaches an AdS spacetime at spatial infinity. Then we assume that the mass functionm is finite at infinity, i.e.,m (∞) = constant , (2.19) which implies 20) as well as
Under the above boundary conditions, we solve the basic equations. Before giving a non-trivial gravitating monopole or a monopole BH solution, we just show a trivial RN BH solution as follows:
Trivial Solution
When we assume the variables as w(r) = 0, h(r) = 1, and δ(r) = 0 , 
III. NON-TRIVIAL SOLUTIONS
As mentioned before, we have performed shooting for two parameters numerically in order to obtain non trivial solutions; both a self-gravitating monopole and a monopole BH. Although the monopole solution was obtained in [27, 28] , we show both solutions below.
A. Self-gravitating Monopole
We show some examples of gravitating monopole solutions in Fig.1 for the case ofλ = 0.1 andṽ = 0.1. We chooseΛ = −1, −10, −20, −30, and −33.8 ≈Λ b , beyond which there exists no monopole solution.
As |Λ| increases, the monopole radius shrinks in the unit of ℓ A = 1, and as shown in Fig.2 , the minimum of the metric function f (r) decreases and eventually vanishes at some radius (r ≈ 0.21ℓ A ) when the cosmological constant reaches the boundary valueΛ b (ṽ), which depend onṽ.
2 It means that if the typical monopole scale (∼ ℓ A ) is much larger than the AdS curvature length ℓ Λ = −3/Λ, no monopole solution is possible. Beyond the critical value, we just find the RN AdS BH.
We also show the monopole mass M in terms of the cosmological constantΛ in Fig. 3 . The mass is determined by the cosmological constantΛ as well as the coupling constantsλ and the VEVṽ. We confirm that the mass M at the boundary value of the cosmological constant is the same as that of the extreme RN AdS BH. We know the similar behavior in the case of the asymptotically flat spacetime (See Appendix A). There exists a critical value ofṽ, beyond which there is no monopole and the RN BH is obtained. When we include a cosmological constant, since the monopole structure is determined byΛ as well asṽ, there is a boundary value of the cosmological constant,
beyond which no monopole solution can exist. We show this boundary curve in the v-Λ plane in Fig. 4 . We obtain the monopole solution as well as the RN AdS BH inside the boundary. While, we find only the RN AdS BH solution outside of this boundary.
B. Monopole Black Hole
Now we present a monopole BH solution. In Fig. 5 , we depict the gauge potential w(r) and the Higgs field h(r). We setλ = 0.1,ṽ = 0.1, andΛ = −1. In the limit of r H → 0, w H increases while h H decreases. The solution approaches to the gravitating monopole. The qualitative behaviors of w(r) and h(r) are similar to those of the monopole BH without a cosmological constant, which are summarized in Appendix A. As w H decreases, the gauge potential w(r) drops faster to zero and the Higgs field h(r) increases more rapidly to unity. It means that the size of the monopole structure gets smaller because the black hole swallows some portion of the fields. We also show the near horizon behavior of the gauge potential w(r) in Fig. 5 (c) . As w H decreases, the horizon radius r H increases. We find that there exists a maximum radius of the horizon in the limit of w H → 0. We show theM -r H relations in Fig. 6 . The monopole BH solution reaches the maximum horizon radius, where the monopole BH branch connects with the RN AdS BH one. For the other value of a cosmological constant, we may find the different behavior. In Fig. 7 , we show the near horizon behavior of w(r) for the case ofΛ = −0.1. As w H decreases, r H increases and reaches a maximum at a finite value of w H = 0.447, and then decreases again. In the range of the horizon radius of 0.576ℓ A < r H < 0.591ℓ A , there are two solutions with different values of w H . We show theM -r H relations in Fig. 8 .
Since the behavior of the monopole BH branch is more complicated in this case, we enlarge near the junction point in order to see the detail. We show the difference between the radii of the monopole BH and RN AdS BH in Fig. 9 . We find there are three BH solutions with the same mass in the mass range of 0.4004ℓ A < GM < 0.4054ℓ A , which breaks the BH uniqueness. We find a cusp structure, which we may apply a catastrophe theory to understand the BH stability just as the case without a cosmological constant [10] .
From the above two examples, we understand that there exists a critical value of the cosmological constant Λ =Λ cr(1) (ṽ), which depends onṽ, beyond whichM -r H relation is monotonic, i.e., only one monopole exists for a given mass M . In the asymptotically flat case (Λ = 0), we find the similar behavior when we change the value of v, i.e.,M -r H relation is monotonic ifṽ is smaller than the critical value, otherwise there exist two monopole BH solutions andM -r H relation shows a cusp structure. (See the detail in Appendix A). In the asymptotically AdS case, we have the critical value ofΛ cr(1) (ṽ) (or the critical curve in the v-Λ plane).
We show the M -r H relation for the various values of Λ in Fig. 10 . For smaller values of |Λ|, we find three BH solutions near the junction point. When |Λ| increases beyond |Λ cr(1) |, the horizon radius of the monopole BH increases monotonically and then connects with the RN AdS BH branch. As |Λ| increases further, the junction point disappears at the second critical value of the cosmological constantΛ cr (2) . There exists a gap between the horizon radii of the monopole BH and of the RN AdS BH for the cosmological constant of |Λ| > |Λ cr(2) |.
If |Λ| gets larger furthermore, there is the boundary value of the cosmological constant, beyond which no monopole exists. So we expect that no monopole BH ex- ists either. Fig.11 depicts w(r) for the different values of Λ with the same horizon radiusr H ,λ andṽ. We find that w(r) drops faster to zero as |Λ| increases. This shows that the radius of monopole structure gets smaller by the existence of a negative cosmological constant, which we have found in the gravitating-monopole too. Fig. 12 shows the behavior of f (r) in the case of Fig. 11 . As |Λ| gets larger, the minimum decreases, and eventually reaches zero, resulting in an extreme RN BH. Then monopole BH solution and gravitating monopole solution disappear beyond the boundary valueΛ b .
We conclude that the effect ofΛ is the similar to that ofṽ as claimed in the work on the AdS monopole [27, 28] . and there exist the boundary valueΛ b , beyond which there is no monopole BH solution, as well as two critical valuesΛ cr(1) andΛ cr (2) . These feature is important in the BH thermodynamics and the phase transition, which we will discuss in the next section.
IV. BLACK HOLE THERMODYNAMICS AND PHASE TRANSITION
As well known, the dynamics of a black hole obeys the thermodynamical laws [19] . Its dynamical stability may be closely related to the thermodynamical stability, and it may be understood by a catastrophe theory for hairy black holes [10] . Hence we analyze the thermodynamical variables and discuss the thermodynamical stability and possible phase transitions.
First we define the thermodynamical variables. BH entropy is given by Bekenstein-Hawking area-entropy relation:
H is the area of the event horizon. For convenience of our numerical calculation, we will use the following normalized dimensionless entropy:
The Hawking temperature is given by
and the dimensionless temperatureT is defined bỹ
In the following subsections, we shall discuss the thermodynamical properties of an isolated system and those in thermal heat bath, separately.
Isolated System
First we consider an isolated system. The BH entropy is an indicator for the thermal instability. According to the second law of thermodynamics, the entropy in an isolated system never decreases and a maximum entropy state is realized. In the BH thermodynamics, when there exist several BH solutions with the same mass, which corresponds to an internal energy in thermodynamics, the BH with maximum entropy is thermodynamically stable. However, it does not mean that the other BH is always unstable. Although it is not globally stable, it can be locally stable. This local thermodynamical stability may correspond to the dynamical stability of BHs. Although there is no proof, no counter example is known.
Since the BH entropy is proportional to the horizon area (Ã H = 4πr 2 H ), theM -r H relation is sufficient to analyze the thermodynamical stability. A catastrophe theory may also provide a good tool to judge the stability [10] .
Classifying the value of the cosmological constant into the following three cases, we shall discuss the behavior of the horizon radius and BH phase transition separately.
(1)Λ cr(1) (ṽ) <Λ(≤ 0) There are two monopole BH solutions as well as RN AdS BH. We find a cusp structure in theM -r H relation.
In Fig 9 , we show theM -r H relation for the case ofλ = 0.1,ṽ = 0.1 andΛ = −0.1 (Note thatΛ cr(1) ≈ −0.68). The RN AdS BH and the monopole BH are stable on the intervals of BD and of AC, respectively. When the stable RN AdS BH with larger mass reduces its mass via the Hawking radiation, the evolutionary path goes from D → B and then jumps up to B ′ → A. While, if the stable monopole BH with smaller mass increases its mass via the mass accretion, the evolutionary path goes A → C and then jumps up to C ′ → D. These are the first order phase transitions between two BHs.
(2)Λ cr(2) (ṽ) <Λ <Λ cr(1) (ṽ) There is one monopole BH solution as well as RN AdS BH. The monopole BH branch connects with the RN AdS BH branch. This is no cusp structure in theM -r H relation as shown in Fig. 6 , for which we have chosen λ = 0.1,ṽ = 0.1 andΛ = −1 (Note thatΛ cr(2) ∼ −31). The RN AdS BH is unstable in the intervals of BE. As a result, the evolutionary path when the mass changes is either A→B→D or the reverse. This is the second order phase transition between two BHs.
There is one monopole BH solution as well as RN AdS BH, but those two branches are disconnected as shown in Fig. 10 (b) , for which we have chosenλ = 0.1,ṽ = 0.1 andΛ = −33 (Note thatΛ b ≈ −33.66). There exists a radius gap at the extreme states between two branches. The evolutionary path when the mass increases goes from A→B and then jumps up to D→ E. It may be the nonreversible first order phase transition. In order to see the effect ofΛ on the phase transition strength, we analyze the magnitude of entropy discontinuity. Comparing theM -r H relations in Fig. 9 (Λ = −0.1) with Fig. 24 (Λ = 0) , we find the cusp becomes smaller as |Λ| gets bigger. Fig.13 confirms this fact. The vertical axis shows the discontinuity of BH entropies between the monopole BH at the cusp point C and RN AdS BH. It shows how the cusp structure gets small and eventually vanishes at the critical pointΛ cr(1) ≈ −0.68. We also show how the BH temperatures depend on the cosmological constant in Fig. 14 . At the critical value of the cosmological constantΛ cr(1) , these two curves cross. It is consistent with our claim that the phase transition changes from the first order to second order at the critical valueΛ cr (1) .
In addition, at the second critical value of the cosmological constantΛ cr (2) , another change of the types of phase transition is expected. BeyondΛ cr (2) , the monopole BH evolves into the extreme RN AdS BH as shown in Fig. 15 . When the minimum of f (r) vanishes as r H increases, the event horizon of the extreme RN AdS BH appears at the bigger horizon radius (r H ≈ 0.220) than that of the monopole BH (r H ≈ 0.091). Then the first order phase transition occurs with the discontinuous changes of the BH entropy and the BH temperature. Note that the BH temperatures of the monopole BH at the transition point and of the extreme RN AdS BH arẽ T ∼ O(10 −5 ) = 0 andT = 0, respectively. The inverse process from the RN AdS BH to the monopole BH may not occur because the BH entropy must decrease at the transition point.
The above two critical values,Λ cr(1) andΛ cr (2) , as well as the boundary value,Λ b , depend both onṽ andλ. Fixingλ = 0.1, we show them in Fig. 16 .
FIG. 16:
The v dependence of Λ cr(1) , Λ cr(2) and Λ b for the case ofλ = 0.1. The curves correspond to the cases of Λ cr(1) , of Λ cr(2) and of Λ b , respectively, from the bottom. The region I represents where the first order phase transition occurs, while region II denotes where the second order phase transition is expected. In the region III, we find the first order phase transition from the monopole BH to the extreme RN AdS BH. Beyond Λ b , no monopole BH exists.
When we increase the coupling constantλ, the region I will shrink and vanish, for example, in the case ofλ = 1
Black Holes in a Heat Bath
Next we consider thermodynamical stability of BHs in a heat bath. We deal with two thermodynamical variables. One is the heat capacity, and the other is the Helmholtz free energy. The heat capacity is defined by
If the heat capacity is negative, a system in a heat bath is thermodynamically unstable. While when the system has a positive heat capacity, such a state is locally stable. For the RN AdS BH, its behavior is well studied [22] . As shown in Figs. 17 and 18 , there exists a finite intermediate range of the entropy, where the heat capacity becomes negative. Hence the RN AdS BH becomes unstable in such a range. The unstable BH may change its entropy (the horizon radius) via the evaporation or accretion and evolve into a stable one. As for the monopole BH branch, the solution appears at some point of the RN AdS BH branch. It may change the evolutional path.
In the asymptotically flat case, the monopole BH in a heat bath is locally unstable for almost all the parameters. It is because the entropy of the monopole BH usually decreases monotonically as the BH temperature increases, giving the negative heat capacity. However, whenλ is small enough, there exists a thermodynamically stable monopole BH in a narrow range of the temperature [11] . The parameter region where the stable monopole BHs exist coincides with one where the cusp structure appears inM -r H relation. This is because when there exist two monopole BHs with the same horizon radius r H (equivalently the same entropy), the BH entropy must increase in some parameter region. We find the same feature for the AdS monopole BHs when |Λ| as well asλ andṽ are small. We show some example in Fig. 17 . We choose the parametersλ = 0.1,ṽ = 0.1 andΛ = −0.1. The monopole BH branch appears near the marginally stable point of RN AdS BHs. The heat capacity is first positive near the junction point, but it becomes negative soon when the temperature increases. Hence there exists a stable monopole BH solution for a narrow range of the temperature. This happens whenΛ >Λ cr (1) .
WhenΛ cr(1) >Λ >Λ b , the entropy of monopole BH decreases monotonically in terms of temperature. As a result, there is no thermodynamically stable monopole BH.
In addition, we find new behaviors of thermodynamical stability whenṽ is very small but |Λ| is large enough. As shown in Fig. 18 , the heat capacity changes its sign through infinity. The similar behavior of the stability is found in the case of Einstein-SU(2)-Yang-Mills system with a negative cosmological constant [26] . This may be explained by the fact that the monopole BH solution near the RN AdS BH is little affected by the Higgs field.
Next we discuss the Helmholtz free energy F , which is another thermodynamical indicator. We may judge a global stability by this indicator as we will see. Note that the heat capacity is the indicator to judge a local stability of a system in a heat bath.
For convenience, we introduce a dimensionless free energy defined byF
In the Einstein-Maxwell theory with a negative cosmological constant, it is known that if |Λ| is small enough, we find the first order phase transition between the large RN AdS BH and the small RN AdS BH in a thermal bath system [22] . The "swallow tail" structure appears in the F -T plane in this phase transition. In SO(3)EYMH system with a negative cosmological constant, there are three thermal states; RN AdS BH in a thermal bath, monopole BH in a thermal bath, and a thermal monopole. A thermal monopole is a gravitating monopole in a heat bath with arbitrary temperature, which exists as shown in Appendix B.
We show those Helmholtz free energies in Figs. 19 and 20 forΛ = −1 andΛ = −0.1, respectively. For the large cosmological constant (Λ = −1), as shown in Fig. 19 , no "swallow tail" appears, while for the small cosmological constant (Λ = −0.1), we find a "swallow tail" structure in is just locally stable. As seen from Figs. 19 and 20, the monopole is favored in the low temperature region while the RN AdS BH becomes mostly stable in the high temperature region. The monopole BH is never favored in a thermal bath. As a result, the Hawking-Page phase transition may occur only between the monopole and the RN AdS BH.
V. CONCLUDING REMARKS
We have analyzed the properties of magnetically charged asymptotically AdS spacetime in the EYMH system and its thermodynamical properties. Studying the thermodynamical stability, we have discussed the types of phase transition for an isolated system and for the system in a heat bath.
The type of phase transition depends onΛ as well asṽ andλ of the Higgs field. In the case of an isolated system, fixingλ small (λ < ∼ O(1)), we find two critical values and one boundary value of the cosmological constant,Λ cr(1) , Λ cr (2) , andΛ b , which depend onṽ. The phase diagram on theṽ-Λ parameter plane is given by Fig. 16 . For the large value ofλ ≫ O(1), although the extreme monopole BH was found in the case of Λ = 0 (see the schematic diagram Fig. 27 ), we could not confirm the existence of such a solution because of numerical difficulty.
In the case of the BH system in a heat bath, we find the Hawking-Page transition between the RN AdS BH and the gravitating monopole. The monopole BH does not play anything in this transition, although it is locally stable.
This Hawking-Page transition describes a transition between a zero-entropy soliton and a finite-entropy BH spacetime. Such a phase transition has first been discussed in the SU(2)-EYM system [25] . They showed the possibility of phase transition between Bjoraker-Hosotani soliton and RN AdS BH. The AdS colored BH, which also exists a hairy BH in the system, does not play anything in the transition when the magnetic charge is unity. Our result of the Hawking-Page phase transition between AdS monopole and RN AdS BH is similar to this in the SU(2)-EYM system. The interesting point is that non-Abelian gauge field leads to the appearance of zero-entropy soliton state. In the SU(2)-EYM system, since the magnetic charge changes continuously, we can discuss the transition in the large phase diagram. The soliton phase smoothly connects to the thermal AdS solution when the charge decreases to 0. While in our EYMH system, the magnetic charge is quantized. The soliton phase and AdS space are disconnected. As a result, our phase diagram is restricted. If we extend the present solution to the dyon, however, we may discuss a larger variety of transition as the EYM case.
Since there are many types of phase transitions in the EYMH system, it would be interesting to apply this model to the AdS/CFT correspondence. Since our solution is constructed in four spacetime dimensions, we may discuss 3D QFT. The QFT in 3D flat spacetime corresponding to the 4D EYMH system has already been investigated in [30, 32] . The authors solved the JuliaZee dyon BH solution with asymptotically AdS spacetime and investigated its properties mainly in the planer limit with/without a backreaction. They showed that the non-trivial dyon BH solution is favored at low temperature while the RN dyon BH solution is favored at high temperature, fixing the chemical potential and the magnetic charge on the boundary, which corresponds to a grand canonical ensemble 3 . This phenomenon corresponds to a phase transition between a condensed phase and a normal state of some QFT living in R 2 × R 1 t . Consideration of the holographic dual of our non-trival BH solution would be interesting because of its variety of phase transition. This work is in progress.
When we are interested in 4D CFT, we have to extend our work to the higher dimensions. The stable (AdS) gravitating monopole in 4D spacetime is just an extension of 't Hooft-Polyakov monopole which is topologically stable in 4D flat space. Then first we must find a 5D topologically stable "monopole." However, the known higher dimensional generalization of such a monopole is obtained only for an even-spacetime dimensions [38] . As a result, the 5D extension of our study is not straightforward, even if it were possible in principle. Fig. 21 shows the behavior of the gauge potential w(r) near the horizon. We choose the parameters asṽ = 0.1, λ = 1. w(r) decreases monotonically and then vanishes at infinity. As shown in Fig. 21 , the horizon radiusr H becomes larger as w H gets smaller. However, ifλ is small enough, we find more complicated behavior. As shown in Fig. 22 , whenλ = 0.1, there exist two monopole BH solutions with the same horizon radius but with the different values of w H . We find a cusp structure. When the large mass RN BH reduces its mass via the Hawking radiation, the evolution path is D → B → B ′ → A. While, if the small mass monopole BH increases its mass via the matter accretion, the evolution path is A → C → C ′ → D. We expect the first order phase transition in both cases.
similar, but there exists a cusp structure near the junction point only for the case ofλ = 0.1, which enlarged figure near the junction point is shown in Fig. 24 . There exist two monopole BH solutions near the junction point. The vertical axis denotes the difference between the horizon radii of the RN BH and of the monopole BH.
We should also mention about the existence of the nontrivial solution. Fig. 25 shows the behavior of f (r) for a given horizon radiusr H . Asṽ becomes larger, the minimum value of f (r) decreases and eventually vanishes. For a given value ofλ, there exists a boundary valueṽ b (λ), beyond which a gravitating monopole solution ceases to exist. When f (r) vanishes, the zero point becomes a horizon of the extreme RN BH. We have only the RN BH solution beyond this critical valueṽ b (λ).
Thermodynamics
Next we discuss thermodynamical properties of a monopole BH as well as a trivial RN BH. We consider two cases; an isolated BH system and BH in a thermal bath.
a. Isolated System
For largeλ, there are only two branches; the RN BH branch and the monopole BH branch (see Fig. 23 ). In an isolated system, the monopole BH branch is thermodynamically favored because its entropy is larger than that of the RN BH. Since there is no monopole BH above the junction point, the RN BH is unique.
In the present case, the thermodynamical stability is equivalent to the dynamical instability. It was shown that the monopole BH solution is always stable against linear perturbations. While the RN BH solution becomes unstable below the junction point although it is stable above the junction point [9, 12] . We may understand this fact intuitively because for such a RN BH, we have to pack the gauge field and Higgs field inside the horizon radius, which is smaller than the monopole radius ℓ A .
This thermodynamical stability indicates the possibility of a phase transition between two BHs (the monopole BH and the RN BH). As we shown in Fig. 23 , the entropy of the monopole BH withλ = 1 increases monotonically and connects with the RN BH branch at the junction point. If matter accretes onto the monopole BH and the mass increases to the junction point, we expect a second order phase transition from the monopole BH to the RN BH. Conversely, when the BH mass decreases via the Hawking radiation of the RN BH, a second order phase transition may occur at the junction point.
The case of smallλ is more interesting. From theMr H relation in Fig.24 , we find three branches; one RN BH branch (the line BD) and two monopole BH branches (the curves AC and BC). Using the stability analysis [17] and the catastrophe theory [10, 11] , we find that both the right side RN BH branch of the junction point B (BD) and the AC monopole branch are locally stable. The BC monopole branch is locally unstable. There are two stable states and one unstable state for some mass range. We expect the first order phase transition via the catastrophe theory as follows. First we consider the case that matter accretes onto a stable monopole BH. Fig. 24 shows how such a monopole BH evolves. With mass accretion, the monopole BH evolves along the stable branch AC. When the mass reaches the point C, BH jumps onto the point C ′ on the RN BH branch and the horizon area (the BH entropy) changes discontinuously. It is the first order phase transition. While, in the case that the BH mass decreases via the Hawking radiation, the stable RN BH evolves along the stable branch DB and it eventually reaches the point B. Then it jumps onto the point B ′ on the stable monopole BH branch.
This cusp structure (two monopole branches) vanishes if the coupling constantλ is larger than the critical valuē λ cr(1) (ṽ), which depends on the VEV v. Hence the phase transition between the RN BH and the monopole BH is either (1) the second order whenλ >λ cr(1) , or (2) the first order whenλ <λ cr (1) . The above story is true only whenλ andṽ are rather small (0 ≤λ < O(1) and 0 ≤ṽ < ∼ 0.2).
FIG. 26:
The phase diagram of EYMH system with Λ = 0. Below the blue curveλ =λ cr(1) (ṽ), we find the first order phase transition. While above the critical curve, the second order phase transition is found.
For more general values of the coupling constantλ and the VEVṽ, we may find two more critical curvesλ = λ cr(2) (ṽ) andλ =λ b (ṽ). Forλ cr(1) (ṽ) <λ <λ cr(2) (ṽ), we find the second order phase transition as we discussed above. In the range ofλ cr(2) (ṽ) <λ <λ b (ṽ), we find a new type of first order phase transition. There exist the monopole BH branch as well as the RN BH branch, but they are not connected. The monopole BH transits to the extreme RN BH, at which the horizon radius changes discontinuously. It is the first order phase transition.
Beyondλ b (ṽ), there is no monopole BH. For a given value ofλ, increasingṽ further, we find the behavior of the metric function as shown in Fig. 25, i. e., the local minimum of f (r) appears, its value decreases, and eventually vanishes atṽ =ṽ b (λ), beyond which there exists no monopole BH. The boundary curveṽ =ṽ b (λ) is equivalent to the curveλ =λ b (ṽ).
For the very large value ofλ, we may find the similar first order phase transition but with the different outcome, that is, the extreme monopole BH [15] .
We summarize the expected schematic phase diagram in 
b. BH in a Heat Bath
Next we consider a BH in a heat bath. In Fig. 28 , we show theT -S relation for various values ofṽ fixinḡ λ, which slope describes the heat capacity. If the slope is positive, the system in a heat bath is stable, while if negative, it is unstable. Forṽ = 0.05, the entropy of the monopole BH changes its slope sign twice; negative → positive → negative. Hence near the junction point to the RH BH branch, the system is unstable, and turns to be stable soon, and then becomes unstable. Forṽ = 0.1 and larger, the sign changes only once; positive → negative. As a result, the monopole BH in a heat bath is stable near the junction point, but becomes unstable. For the small values ofṽ, a stable region is very small compared to the case with the large values ofṽ. Whenλ is large, the behaviors change a lot. In Fig. 29 , we show theT -S relation forλ = 1. In this case, the slope of the monopole BH branch is always negative, and then there is no stable region. Only the RN BH with small entropy is stable.
The heat capacity gives an indicator of a thermodynamical stability of a system in a heat bath, but it is just a local stability. In order to discuss the global stability, i.e., which state is mostly preferred, we have to analyze the free energy. In Fig. 30 , we present the Helmholtz free energy of the present system.
The RN BH branch starts from the extreme state with T = 0 and turns backward at a critical temperature with increasing the free energy. In the Einstein-Maxwell system, the first branch which includes the extreme state is globally stable. Above the critical temperature, no thermal spacetime with magnetic (or electric charge) is possible. In the present EYMH system, however, there exist the other branches of the monopole BH and the gravitating monopole. Since the free energy of the gravitating monopole is always smallest compared with those of the monopole BH as well as of the RN BH, the gravitating monopole in a heat bath is globally stable. Hence there is no Hawking-Page transition in the EYMH system.
Appendix B: Helmholtz Free Energy
In order to discuss a stability of a system in a heat bath, we calculate the Helmholtz free energy, which is obtained by the partition function defined by the path integral,
If we assume the main contribution in the integration comes from the classical solutions of the Euclidean action, the partition function is evaluated as Z ≈ ]. Then, the Helmholtz free energy F is given by
where β is the inverse temperature of the system and is identified with the Euclidean time period of the on-shell action. If we choose an arbitrary value of β as an inverse temperature of the BH spacetime, the corresponding Euclidean BH spacetime may have a conical singularity at the "horizon." Since a spacetime with a conical singularity does not contribute to the partition function, the only allowed value of 1/β must be the Hawking temperature T given by Eq. (4.3) .
On the other hand, in the case of a gravitating monopole, an arbitrary period of the Euclidean time β is possible. We find a thermal gravitating soliton spacetime with arbitrary temperature T .
Denoting a spacetime by M with the metric g µν and its boundary by ∂M with the induced metric h mn , the action of the gravity system is given by
where ε = g(n,n) with n = n µ ∂ µ being a normal vector of a hypersurface, K = h ab K ab is the trace of an extrinsic curvature K ab = 1 2 (∇ µ n ν + ∇ ν n µ )e µ a e ν b , and K 0 is the counter term to remove the divergence. Since the Einstein-Hilbert term I EH contains the second derivative of the metric, we have to introduce the GibbonsHawking-York term I GHY in order to write the entire action only with the metric and the first derivative of the metric. The third term I C is the so-called counter term and introduced to remove the divergence appeared in the Einstein-Hilbert term and the Gibbons-HawkingYork term.
In our setup, we take
where R (3) is the Ricci scalar on the boundary, which is given by R (3) = 2/r 2 for a static and spherically symmetric spacetime, where L ≡ −3/Λ is AdS radius.
Substituting our ansatz of the solution, the Euclideanized on-shell action I on-shell E is written 
where t E is the Euclidean time with the period of β.
The integration bulk region depends on whether the state is the BH solution or the soliton solution; in the case of the BH solution, the region is [r H , ∞), while it is [0, ∞) for the soliton solution.
The Helmholtz free energy is the indicator to know the most preferred state in a thermal bath. If there exist multiple BH solutions with the same temperature, the minimum of the free energy chooses the most favored state in a thermal bath system. Such a state is globally stable in a thermal bath.
Once we know the solution of the EYMH system, we can evaluate I on-shell E by Eq. (B8), and then find the Helmholtz free energy F , which is given by Eq. (B2).
